COMP271:Design & Analysis of Algorithms

Mid-termExamination

Solution

Problem 1 (15 pts)

Given the fo llowing 10 funct ions of n :

n

n

n

n n n f

n n f

n n n f

n n n f

n n n f

n f

n f

n n f

n n f

n n f

) (log ) (

) (

log ) (

, log log ) (

, log ) (

, 2 ) (

, 3 ) (

, 2 ) (

, ) 4 ( ) (

, ) (

10

5. 1

9

10 8

7

6

5

4

3

3

3

2

1

=

=

=

=

=

=

=

=

+ =

=

Sort the 10 funct ions in asymptotic ascending order. In your answer , if )( ), (

2 1 2 1

f f and f f Q¹ O = , simplywr ite

2 1

f f < ;

if ), (

2 1

f f Q = simplywr ite

2 1

f f = , etc.

For example, a possible answer maybe:

10 9 7 8 6 5 2 1 4 3 f f f f f f f f f f <<=< < = = < <

Answer :

1 10 4 5 2 3 9 6 8 7 f f f f f f f f f f <<<< = < < = <

Problem 2 (20 pts)

Solve the following recurrence equation:

î

í

ì

> +

=

=

1 , lg ) 2 / ( 2

1 , 1

) ( n if n n n T

n if n T

You can use anymethod you wish.

Answer:

) lg (

lg lg

2

1 lg lg

) ) 1 lg(( lg lg

)

2

1

4

1

8

1

8 /

1

4 /

1

2 /

1 lg( lg lg

lg

2

lg

4

lg

2 /

lg ) / (

lg

2

lg

4

lg ) 8 / ( 8

lg

2

lg ) 4 / ( 4

lg )

2

lg

2

) 4 / ( 2 ( 2

lg ) 2 / ( 2 ) (

2

lg 2

1 n n

n n n n n n n

n

n n n n n

n n n

n n n n n

n n n n n n n

n n n n nT

n n n n n n n T

n n n n n T

n n n n n T

n n n T n T n

Q =

- + =

+ + =

+ + =

+ + + + + =

+ + + =

+ + =

+ + =

+ =

�

�

�

A rec urs ive tree also works. This is an e xample that master method fa ils.

Problem 3 (20 pts)

Given n integers in the range of[1 ..k ]. Note that k can be smaller, bigger or equalto n .

Descr ibe an algorithm that preprocesses these n integers and then answers anyquer y

about how many ofthe n integers fall into a range [ a �b ] in O (1) time, here

k b a £ £ £ 1 . Your algor ithmshould use O ( n + k ) preprocessing time. Argue br iefly the

correctness and running time ofyour algorithm. (Hint: you maythink about the counting

sort algorithm.)

Answer:

preprocesses (A[], C[], k) {

for i=0 to k do C[ i]=0; //O(k)

for j=1 to n do C[A[j]]++; //O(n) (1)

for i=2 to k do C[ i]+=p[i-1]; //O(k) (2)

}

Tota l time comple xity = O( n+k) // (3)

range (C[], a,b) {

return(C[b]-C [a-1]); //O(1) (4)

}

Problem 4a (6 pts)

Enumerate six real- world problems that can be represented bygraph.

Answer:

There are manyreal-world problems just as the lecture notes shown.

Problem 4b (13 pts)

Traverse the following dir ected graph ),( EVG = byusing Depth irst Search starting

fro mvertex a. You must use the adjacent list representation given below. Show the tree

edges, back edges and time- stamps produced bythe search.

) ( :

, , :

) ( :

, :

:

, :

, :

empty g g e b f empty e e b d d c e a b f c a

f

f

®

®

®

®

®

®

®

Answer:

Time-stamps a: 1/14 b: 4/7 c: 2/9 d: 3/8 e: 5/6 f: 10/13 g: 11/12

Tree edge: a->c, c->d, d->b, b->e, a->f, f->g

Back edge : b->a

a b e c

f g d

Problem 4 c (6 pts)

Is the above graph a directed acyclic graph (DAG) ? Ifyes, give a possible topological sort ordering for the graph. Ifno, delete edges as fewest as you can to make the new graph a DAG, then give a possible topologicalsort ordering for the new graph.

Answer:

No. Delete edge b ->a

There are ma ny possible answers for topologica l ordering.

a, f, c, g, d , b, e or a, c, f, g, d , b, e or a, c, f, d , g , b, e or a, f, c, d , g , b, e

Problem 5 (20 pts)

Let ), ( E V G = be a connected undirected graph in which alledges have weight either 1 or 2. Give an |)||

(| E V + O algor ithmto compute a minimum spanning tree ofG. Justify the running time o fyour algor ithm. (Note: You may eit her present a new algorithmor just show how to modify an algor ithmtaught in class.)

Answer:

We modify the Prim’s a lgorithm. The ma in idea is, instead ofusing a

) (log n O running time data structure (e.g., heap) to ma inta in the priority que ue , we use three linked lists to store the va lue ofthe ve rtices. Since the key va lue ofeac h ve rte x can only be 1, 2 or infinite , we can use the three linked lists to store all vertices. INSER T operation due with appe nding the verte x in a linke d list whic h only takes O(1) time; DECREASE_KEY operation involves a delete operation a nd a INSER T operation, we can imple me nt the de lete operation care fully in O(1) time, he nce

DECREASE_KEY takes O(1) time; a nd EXTR ACT_M IN operation involves an e xtraction ofa n verte x from linked-list 1 or linked list 2, in both case, it takes only O(1) time. There fore , the INSERT, D ECR EASE _KEY and EXTR AC T\_MIN ope ration ca n be done in O(1) time.

He nce, the running time ofmodified a lgorithm is :

|) | | (|

)) deg( 1 ( ) 1 (

)) 1 ( ) deg( ) 1 ( ( ) (

E V O

u O

O u O n T

V u

V u

+ =

+ =

+ = å

å

Î

Î